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Abstract 

In this paper we study some operators associated to the Rarita-Schwinger op- 
erators. They arise from the difference between the Dirac operator and the Rarita- 
Schwinger operators. These operators are called remaining operators. They are 
based on the Dirac operator and projection operators I — Pk- The fundamental 
solutions of these operators are harmonic polynomials, homogeneous of degree k. 
First we study the remaining operators and their representation theory in Euclidean 
space. Second, we can extend the remaining operators in Euclidean space to the 
sphere under the Cayley transformation. 
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1 Introduction 

Rarita-Schwinger operators in Clifford analysis arise in representation theory for the cov- 
ering groups of SO(n) and 0(n). They are generalizations of the Dirac operator. We 
denote a Rarita-Schwinger operator by Rk, where k = 0, 1, • • • , m, ■ ■ ■ . When k — it 
is the Dirac operator. The Rarita-Schwinger operators Rk in Euclidean space have been 
studied in |BSSVt IBSSV14 IDLRVt IValt IVa2] . Rarita-Schwinger operators on the sphere 
denoted by i?f have also been studied in |LRV] . 

In this paper we study the remaining operators, Qk, which are related to the Rarita- 
Schwinger operators. In fact, The remaining operators are the difference between the 
Dirac operator and the Rarita-Schwinger operators. 

Let %k be the space of harmonic polynomials homogeneous of degree k and Aik, M-k-i 
be the spaces of Cl n — valued monogenic polynomials, homogeneous of degree k and k — 1 
respectively. Instead of considering P k : Hk — > -Mk in |DLRVj . we look at the projection 
map, I — Pk : 7ik — > uAi k -i, and the Dirac operator, to define the Qk operators and 
construct their fundamental solutions in M. n . We introduce basic results of these operators. 
This includes Stokes' Theorem, Borel-Pompeiu Theorem, Cauchy's Integral Formula and 
a Cauchy Transform. In section 5, by considering the Cayley transformation and its 



inverse, we can extend the results for the remaining operators in M. n to the sphere, E> n . We 
construct the fundamental solutions to the remaining operators by applying the Cayley 
transformation to the fundamental solutions to the remaining operators in MJ 1 . We also 
obtain the intertwining operators for operators and Qf operators. In turn, we establish 
the conformal invariance of the remaining equations under the Cayley transformation and 
its inverse. We conclude by giving some basic integral formulas with detailed proofs, 
and pointing out that results obtained for Rarita-Schwinger operators in |LRV] for real 
projective space readily carry over to the context presented here. 

2 Preliminaries 

A Clifford algebra, Cl n , can be generated from MJ 1 by considering the relationship 



for each x G W 1 . We have W 1 C Cl n . If ei, . . . , e n is an orthonormal basis for M n , then 
x 2 = — 1| x || 2 tells us that e^e^ + e^i = —2^-, where Sij is the Kronecker delta function. 
Let A = {ji,-- ■ ,j r } C {1,2, ■• • ,n} and 1 < jx < j 2 < • • • < jr < n - An arbitrary 
element of the basis of the Clifford algebra can be written as e A = • • ■ e Jr . Hence for 
any element a G Cl n , we have a = J2a a A^A, where a A G E. 
We define the Clifford conjugation as the following: 

5 = 3-1)^)^ 
A 

satisfying • • ■ e Jr = ( — l) r e : , r • • • and ab = ba for a,b G Cl n . 

For each a = a + ■ ■ ■ + ai... n ei ■ ■ ■ e n G Cl n the scalar part of aa gives the square of 
the norm of a, namely a 2 , + h a\ ... n . 

The reversion is given by 

g = Y,{-l) ]Am - 1)/2 a A e Al 

A 

where \A\ is the cardinality of A. In particular, ej 1 ■ ■ ■ e Jr = e Jr • • • ej 1 . Also ab = ba for 
a,b G Cl n+1 . 

The Pin and Spin groups play an important role in Clifford analysis. The Pin group 
can be defined as 

Pin(n) := {a G Cl n : a = y x . . .y p : y u . . . ,y p G S n_1 ,p G N} 

and is clearly a group under multiplication in Cl n . 

Now suppose that y G § ra_1 C W 1 . Look at yxy = yx^ y y + yx ±y y = —x^ y + x _Ly where 
x" H is the projection of x onto y and x ±a is perpendicular to y. So gives a reflection 
of a; in the y direction. By the Cartan— Dieudonne Theorem each O G 0(n) is the 
composition of a finite number of reflections. If a — y\ . . . y p G Pin(n), then a:= y v . . .y\ 
and axa = O a (x) for some O a G O(n). Choosing y 1; . . . , y p arbitrarily in we see that 
the group homomorphism 

6 : Pin{n) — > 0(n) : a i — >• O a 



with a = yi . . . y p and O a (x) = axa is surjective. Further —ax(—a) = axa, so 1, —1 G 
ker(8). In fact ker(8) = {±1}- The Spin group is defined as 

Spin(n) := {a G Pin(n) : a — y±. . .y p and p even} 

and is a subgroup of Pin(n). There is a group homomorphism 

9 : Spin(n) — > SO(n) 

which is surjective with kernel {1, —1}. See [P] for details. 
The Dirac Operator in M. n is defined to be 

n d 
j=l J 

Note D 2 = —A n , where A n is the Laplacian in K n . 

Let %k be the space of harmonic polynomials homogeneous of degree k. Let Aik denote 
the space of Cl n — valued polynomials, homogeneous of degree k and such that if pk G M.k 
then Dpk = 0. Such a polynomial is called a left monogenic polynomial homogeneous of 
degree k. Note if hk G Tik, the space of Cl n — valued harmonic polynomials homogeneous 
of degree k, then Dhk G Aik-i- But Dupk-iiu) = {—n — 2k + 2)pk~i(u), so 

"Hfc = M k uMk-i, h k =p k + upk-i- 

This is the so-called Almansi- Fischer decomposition of Hk, where Mk-i is the space of 
Cl n — valued left monogenic polynomials, homogeneous of degree k — 1. See [BDS1 IK] . 

Note that if Dg{u) = then g(u)D = —g(u)D = 0. So we can talk of right monogenic 
polynomials, homogeneous of degree k and we obtain by conjugation a right Almansi- 
Fisher decomposition, 

where Aik stands for the space of right monogenic polynomials homogeneous of degree k. 
Let Pk be the left projection map 

P k : H k -> M k , 

then the left Rarita-Schwinger operator R k is defined by (sec [BSSV, BSS VTj IDLRVI IVaT| 
IVa2] ) 

R k g(x,u) = P k D x g(x,u), 

where D x is the Dirac operator with respect to x and g(x, u) : U x R™ — > Cl n is a 
monogenic polynomial homogeneous of degree k in u, and {/ is a domain in K n . The left 
Rarita-Schwinger equation is defined to be 

R k g(x,u) = 0. 

We also have a right projection Pk yT '■ Hk —> M k , and a right Rarita-Schwinger equation 
g(x, u)D x P k) r = g{x, u)R k = 0. 

A Mobius transformation is a finite composition of orthogonal transformations, inver- 
sions, dilations, and translations. Ahlfors [A] and Vahlen [V] show that given a Mobius 
transformation y = (j){x) on R ra IJI 00 } ^ can be expressed as y = (ax + b) (cx + ef) -1 where 
a, b,c,d G C7 n and satisfy the following conditions: 



1. a, b, c, d are all products of vectors in R n . 

2. ab,cd,bc,da G R n . 

3. ad — be — ±1. 

When c = 0, <f>(x) = (ax + b)(cx + d)~ l = axd~ l + bd~ 1 = ±axa + bd~ 1 . Now assume c ^ 0, 
then = (ax + b)(cx + d)" 1 = ac^ 1 ± (exc + dc)~ l . These are the so-called Iwasawa 
decompositions. Using this notation and the conformal weights, f(<p(x)) is changed to 

J((j), x)f((p(x)), where J(<p, x) = — — . Note when <p(x) = x + a then J(<p, x) = 1. 

CiJ' I 

3 The Qa; operators and their kernels 

As 

I - P k :U k ^ uMk-i, 
where / is the identity map, then we can define the left remaining operators 

Q k := (7 - P k )D x : uM k -i uM k -i uf(x, u) (I - P k )D x uf(x, u). 

See |BSSVj . 

The left remaining equation is defined to be (I — P k )D x uf(x, u) = or Q k uf(x, u) = 0, 
for each x and (x, u) £ U x IR n , where J7 is a domain in M n and f(x, u) G .Mfc_i. 
We also have a right remaining operator 

Q kt r := D a (J - P k)r ) : A^fc_iM M k -iu g(x,u)u g(x,u)uD x (I - P fc>r ), 

where g(x, u) G M. k -i- 

Consequently, the right remaining equation is g(x, u)uD x (I—P kr ) = or g(x, u)uQ k ^ r = 

0. 

Now let us establish the conformal invariance of the remaining equation Q k uf(x, u) = 

0. 

It is easy to see that I — P k is conformally invariant under the Mobius transformations, 
since the projection operator P k is conformally invariant (see |BSSV| iDLRVj ). By consid- 
ering orthogonal transformation, inversion, dilation and translation and applying the same 
arguments in |DLRVj used to establish the intertwining operators for Rarita-Schwinger 
operators, we can easily obtain the intertwining operators for Q k operators: 

Theorem 1. 

r (a \n f( \ n t(a \ ft ai \ (cx + d)w(cx + d) 
J-i((p,x)Q k>u uf(y,u) = Q ktW wJ{(p,x)f{(p{x), - ), 

where Q k , u an d Qk,w ore the remaining operators with respect to u and w respectively, 
y = 4>(x) is the Mobius transformation, J(0, x) = ° X , J-i((j), x N 



||cx + d|| n ' K ' ||cx + d|| 



n+2 ' 



(cx + d)w(cx + d) 

and u = — for some w G K . 

\\cx + d\\ 2 



Consequently, we have 

(ex -\- c£)w(cx ~t~ d) 

Qkuuf(x,u) = implies Q k w wJ((p, x)f((p(x), n — 5 ) = 0. This tells us that 

||ca: + a|p 

the remaining equation Q k uf(x,u) = is conformally invariant under Mobius transfor- 
mations. 

The reproducing kernel of M. k with respect to integration over is given by (see 
[BDSl iDLWj ) 

Z k (u,v) := ^P a (u)V a (v)v, 



where 



1 _ d k G(v 

Pt{u) = 7rS(Mi 1 - u\e x e h ) . . . {u ik - u x e x 1 e ik ), V a {v) - 



J2 + . . . + j n — k, and i k G {2, ■ ■ • , n}. Here summation is taken over all permutations 
of the monomials without repetition. This function is left monogenic in u and right 
monogenic polynomial in v and it is homogeneous of degree k. See [ BP S] and elsewhere. 

Let us consider the polynomial uZ k _i(u,v)v which is harmonic, homogeneous degree 
of k in both u and v. Since uZ k ^i{u, v)v does not depend on x, Q k uZ k _i(u, v)v = 0. 

Now applying inversion from the left, we obtain 

, . 1 X , xux . 

H k (x,u,v) := u—^Z k _ 1 (——,v)v 

n-2 

is a non-trivial solution to Q k uf(x, u) = 0, where c k 



n-2 + 2k 

Similarly, applying inversion from the right, we obtain 

1 . / 'X r WX ~, 'X 

-uZ k _ 1 (u, 1 -^) ir ^-v 



u n c k \\x\\ 2 \\x\\ n 

is a non-trivial solution to f{x,v)vQ k ^ r = 0. Using the similar arguments in |DLRV] . we 
can show that two representations of the solutions are equal. The details are given in the 
following 

1 , XUX k X 

u n c k \\x\\ 2 \\x\\ n 

rp rp rt i rp rp rp I rp rp q i rp 

U im z k-i{in^, v ) v = u in^ z k-i{in^:V)v. 



OJ^i C'k 1 1 X II || X J I || X || || X 1 1 UJ Cfe 1 1 X || || X 1 1 

In fact H k (x,u,v) is the fundamental solution to the Q k operator. 

4 Some basic integral formulas related to opera- 
tors 



In this section, we will establish some basic integral formulas associated with Q k operators. 



Definition 1. IDLRV]/ For any Cl n — valued polynomials P(u),Q(u), the inner product 
(P(u), Q(u)) u with respect to u is given by 

(P(u),Q(u)) u = [ P(u)Q(u)ds(u). 

For any pk € Aik, one obtains (see [BDSJ) 

p k (u) = (Z k (u,v),p k (v)) v = / Z k (u,v)p k (v)ds(v). 

Now if we combine Stokes' Theorems of the Dirac operator and the Rarita-Schwinger 
operator, then we have two versions of Stokes' Theorem for the Qk operators . 

Theorem 2. (Stokes' Theorem for Qk operators) Let Q' and Q be domains in IR n and 
suppose the closure of Q lies in Q' . Further suppose the closure of Q is compact and the 
boundary of Q, dQ, is piecewise smooth. Then for f,g e C 1 (fi / ,Aik) , we have version 1 

[(g{x, u)Qk, r , f(x, u))u + (g{x, u),Q k f(x, u)) u ]dx n 
(g{x, «),(/- P k )da x f(x, u)) u 

an 

(g(x, u)da x (I - P^ r )J{x, u)) u . 



'an 

flfCV 



Then for f,gE C (£l',A4k-i), we have version 2 

[(g(x, u)uQ ktr ),uf(x, u)) u + (g(x, u)u, Q k uf(x, u)) u ]dx r 



n 



(g(x, u)u, (I - P k )da x uf(x, u)\ 
an 



(g(x, u)udcr x (I - P ktr ),uf(x, u)) u . 

an 

Proof: It is easy to get version 1 of Stokes' Theorem for the Qk operators by com- 
bining Stokes' Theorems of the Dirac operator and the Rarita-Schwinger operators. 
Now we shall prove version 2 of Stokes' Theorem. 
First of all, we want to prove that 



(g(x,u)u,(I - P k )do- x uf(x,u)) u = / (g(x,u)uda x (I - P k , r ),uf(x,u)) u . 
an Jan 

Here do~ x = n(x)do~(x). By the Almansi-Fischer decomposition, we have 

g(x,u)un(x)uf(x,u) = g(x,u)u[fi(x,u) +uf 2 {x,u)) = [gi{x,u) + g 2 (x,u)u)uf(x,u), 



so 

g(x, u)uda x uf(x, u) 

= g(x, u)u[fx(x, u) + uf 2 (x, u)]da(x) = [gi(x, u) + g 2 (x, u)u]uf(x, u)da(x), 

where fi(x, u), fz(x, u),gi(x, u),g 2 (x, u) are left or right monogenic polynomials in u. Now 
integrating the above formula over the unit sphere in M. n , one gets 

g(x, u)uda x uf(x, u)ds(u) 

g(x,u)uuf 2 (x,u)da(x)ds(u) = / g 2 (x : u)uuf(x,u)dcr(x)ds(u). 

i-l Jgn—l 

This follows from the fact that 

/ g(x,u)ufi(x,u)ds(u) = / gi(x,u)uf(x : u)ds(u) = Q. 

See [BPS] . 

Thus 

(g(x,u)u,(I - Pk)da x uf(x,u)) u = g(x,u)u((I - P k )da x uf(x,u))ds(u) 

an Jan 7s"- 1 




an Js 



n-l 




an Js 



n-l 




g(x, u)uuf 2 (x, u)ds(u)da(x) 
g 2 (x, u)uuf(x, u)ds{u)da(x) 
(g(x, u)da x (I - P k , r ))uf(x, u)ds(u) 

an JS"- 1 

(g(x,u)uda x (I - P k>r ),uf(x,u)) u . 

an 

Secondly, we need to show 

[(g(x, u)uQ k , n uf(x, u)) u + (g(x, u)u, Q k uf(x, u)) u ]dx n 

(g(x, u)u, (I - P k )dcr x uf(x, u)) u . 

an 

Consider the integral 

[(g(x, u)uD x P Kr , uf(x, u)) u + (g(x, u)u, P k D x uf{x, u)) u }dx n 

n 

[(g{x, u)uD x P k)r )uf(x, u) + g(x, u)u(P k D x uf(x, u))]ds(u)dx n . (1) 



n 




Since g(x,u)uD x P kjr , f(x,u), g(x,u) and P k D x uf(x,u) are monogenic functions in u, 
(g(x,u)uD x P kjr )uf(x,u)ds(u) = = / g(x,u)u(P k D x uf(x,u))ds(u). 



Thus the previous integral equals zero. 

By Stokes' Theorem for the Dirac operator, we have 



[(g(x, u)uD x , uf(x, u)) u + (g(x, u)u, D x uf(x, u)) u ]dx n 

[(g(x, u)uD x )uf(x, u) + g(x, u)u(D x uf(x, u))]ds{u)dx r 
l(g(x, u)uda x uf(x, u))]ds(u) 
(g(x,u)u,da x uf(x,u)) u . 




n JS"- 




an Js"- 1 



an 



But 



(g(x,u)u,P k da x uf(x,u)) u = / g(x,u)u(P k do- x uf(x,u))ds(u) = 0, 
an Jan Js"- 1 

since / g(x,u)u(P k da x uf(x,u))ds(u) = 0. 
Therefore we have shown 

[(g(x, u)uQ kjr , uf(x, u)) u + (g(x, u)u, Q k uf(x, u)) u ]dx n 
(g(x,u)u,(I - P k )da x uf(x,u)) u . ■ 

'an 

Remark 1. In the proof of the previous theorem it is proved that 



(g(x,u)u,(I - P k )da x uf(x,u)) u = (g(x,u)u,da x uf(x,u)) u . (2) 
an Jan 

Theorem 3. (Borel-Pompeiu Theorem) Let Q' andVt be as in the previous Theorem. Then 
for f G C l (Q' ,Ai k ^i) and y G Q, we obtain 



uf(y,u)= / (H k (x - y,u,v),Q k vf(x,v)) v dx r 
Jn 

(H k (x - y, it, «),(!- P k )da x vf(x, v)) v . 



an 



Here we will use the representation H k (x—y, w, v) = uZ k ^i(u, - — ^^^.» ^ ^ — 

u n c k \\x-yW 1 



Proof: Consider a ball B(y, r) centered at y with radius r such that B(y, r) C f2. 
We have 



/ {H k (x -y,u,v),Q k vf{x,v)) v dx n 
Jn 

(H k (x - y, u, v), Q k vf(x, v)) v dx n 



tt\B(y,r) 



+ / (H k (x - y, u, v),Q k vf(x, v)) v dx n . 

JB(y,r) 

The last integral in the previous equation tends to zero as r tends to zero. This follows 
from the degree of homogeneity of x — y in H k (x — y,u,v). Now applying Stokes' Theorem 
version 2 to the first integral, one gets 

/ (H k (x -y,u,v),Q k vf(x,v)) v dx n 

Jn\B{y,r) 

= / (H k (x - y,u,v),(I - P k )da x vf(x,v)) v - (H k (x - y,u,v),(I - P k )da x vf(x,v)) v . 

JdQ. JdB(y,r) 

Now let us look at the integral 

/ (H k (x - y, u, v),(I- P k )da x vf(x, v)) v dx n 

JdB(y,r) 

= / (H k (x -y,u,v),(I - Pk)da x vf(y,v)) v 

JdB(y,r) 

+ / (H k (x - y, u, v),(I- P k )da x v[f(x, v) - f(y, v)]) v . 

JdB{y,r) 

Since the second integral on the right hand side tends to zero as r goes to zero because 
of the continuity of /, we only need to deal with the first integral 



/ (H k (x - y, u, v),(I- P k )da x vf{y, v)) v 

JdB(y,r) 

= / H k (x -y,u,v)(I - P k )da x vf(y,v)ds(v) 

JdB(y,r) JS™- 1 



'9B(y,r) 

[ — —uZ k _i (u, — V ^ X ., 2 — ) 77^ — iu7^(^ - Pk)n(x)vf(y, v)ds(v)da(x), 
ldB( y ,r) is«-i u n c k \ \\x - y\\ 2 J \\x - y\\ n 

where n(x) is the unit outer normal vector and da(x) is the scalar measure on dB(y,r). 



y — x 

Now n(x) here is T . Using equation (12]) the previous integral becomes 

\\x-y\\ 

1 7 ( (%-y)v(x-y)\ x-y x-y 
u, - ^ j —v- -vf{y,v)ds{v)da{x) 

8B(y,r) Js,™- 1 U nCk \ \\ x ~ VW J \\ x ~ UW \\ x ~ VW 

1 f 1 f 7 ( ( x - y) v ( x - y) \ x ~y x ~y f( u / u n 

= / TT / uZ k~i u, - T -v- -vf(y,v)ds(v)da{x) 

UnCk JdB(y,r) T n J S n-i \ \\X ~ y\\ 2 J \\X ~ y\\ \\X - y\\ 

Since Z k _i ( u, - — — - — ) j, ^~rV- ^— is a harmonic polynomial with de- 

V If — 2/11 / If — v\ I x ~ y\\ 

gree k in v, we can apply Lemma 5 in [DLRVj . then the integral is equal to 

uZk-i(u, v)vvf(y, v)ds(v)da(x) 



= -u Z k ^ 1 (u,v)f(y,v)ds(v) = -uf(y,u), 

Therefore, when the radius r tends to zero, we obtain the desired result. ■ 
Now if the function has compact support in Q, then by Borel-Pompeiu Theorem we 
obtain: 



Theorem 4. / / (H k (x — y, u, v),Q k v<p(x, v)) v dx n = u<p(y, u) for each <fi G C£°(M n ). 

J JR n 

Now suppose vf(x, v) is a solution to the Q k operator, then using the Borel-Pompeiu 
Theorem we have: 



Theorem 5. (Cauchy Integral Formula) If Q k vf(x,v) = 0, then for j/Gfi, 



uf(y,u) = - / (H k (x -y,u,v),(I - P k )do- x vf(x,v)) v 
Jan 

{H k (x - y, u, v)da x {I - P k>r ),vf(x, v)) v . ■ 

on 

We also can talk about a Cauchy transform for the Q k operators: 

Definition 2. For a domain ftcl™ and a function / : Q x K™ — > Cl n , where f(x, u) 
is monogenic in u with degree k — 1, the Cauchy (or T k -transform) of f is formally defined 
to be 

(Tkvf)(y,v) = - // (H k (x - y,u,v),uf(x,u)) u dx n , yeQ. 
Theorem 6. 

Q k ff (H k (x - y,u,v),v ( p(x,v)) v dx n = u<f>(y , u) , for 4> G C£°(R n ). 

tt 7 tt t \ ~ i n, i ( x — y) v ( x — y) \ x ~y 

Here we use the representation H k (x—y,u,v) = uZ^Au, — ) T — v. 

u n c k \\x-y\\ 2 \\ x -y\\ n 



Proof: For each fixed y G W n , we can construct a bounded rectangle R(y) centered 
at y in R n . 



Then 



Qk (H k (x - y,u, v),v(p(x,v)) v dx r - 

J JR n \R(y) 



= (I - P k )D y I l (H k (x - y, u, v),v(f>(x, v)) v dx n = 0. 

J JR n \R(y) 



Now consider 

dyi 



- (H k (x - y, u, v),v(f)(x, v)) v dx r 

i J jR(y) 



lim e ^o-[ / / (H k (x - y,u,v),v(f)(x,v)) v dx r 
lR(y) 



£ 



- (H k (x - y - eei,u,v),v(p(x,v)) v dx n ] 

J J R{y+eei) 
J JR(y) ax i 

+ / (H k (x - y,u, v),v(f)(x,v)) v da(x) 

JdRi (y)UdRo(y) 



I dR 1 (y)UdR 2 (y) 

where dR\(y) and dR 2 (y) are the two faces of R(y) with normal vectors ±ej. So 



D y (H k (x - y,u, v),v(p(x,v)) v dx n 

J jR{y) 

= 11 i>(#< 

JjR(y) i= i 

+ / n(x)(H k (x - y,u,v),v(f)(x,v)) v da(x) 

JdR(y) 



dvcf)(x,v) 
k (x - y, u, v), ) v dx 

OXi 



'dR(y) 

The first integral tends to zero as the volume of R(y) tends to zero. Thus we will pay 
attention to the integral 

(I - P k ) / n(x)(H k (x - y,u,v),v(p(x,v)) v da(x). 

JdR(y) 

This is equal to 

(7 - P k ) I I n(x)H k (x - y,u, v)vcj)(x,v)ds(v)da(x), 

JdR(y) JS"- 1 



which in turn is equal to 

(I - P k ) / / n(x)H k (x - y,u,v)v(j)(y,v)ds(v)dcr(x) 

JdR{y) JS"- 1 

+(I-P k ) / n(x)H k (x - y,u,v)v((p(x,v) - <fi(y, v))ds(v)da(x). 

JdR(y) JS"- 1 

But the last integral on the right side of the above formula tends to zero as the surface 
area of dR(y) tends to zero because of the degree of the homogeneity of x — y in H k and 
the continuity of the function (f>. Hence we are left with 



(I - P k ) / n(x)H k (x - y,u,v)v(p(y,v)ds(v)da(x) 

ldR(y) JS n 



n-l 



By Stokes' Theorem this is equal to 



(I - Pk) / / n(x)H k (x - y,u,v)v(p(y,v)ds(v)da(x) 

>dB(y,r) JS" 



n-l 



In turn this is equal to 

I f x — y — 1 (x — yjvix — yj x — y 

(I-P k ) / / n FT uZ k -i(u, n r- )r, I -vv(p{y,v)ds{v)da(x) 

JdB(y,r)Js™-i \\x-y\\w n c k \\x - y\\ 2 \\x-y\\ n 

f — 1 f x — y (x — yjvix — yj x — y 
= (I-P k ) / -uZ^iu, |j ,v) T rr-(j){y,v)ds{v)da{x). 

JdB(y,r) U n C k J§,n-i \\X ~ y\\ \\ X ~ V\\ \\ X ~ V\\ 

Since Z k _i(u, v) is the reproducing kernel of Ai k -i, ±aZ k _i(aud, ava)a is also the repro- 

X — y 

ducing kernel of M. k -\ for each a G Pin{n). See jDLRVj . Now let a = -. ^, the 

If -y\\ 

previous integral equals 

f 1 f x-y x-y Ax-y)u(x-y) x-y x-y 
{I - P k ) / / t, t:U- uZ k -i{ n f?^ — ' V ) 



JdB{y,r) WnCfc J S n-i \\x - y\\ \\x - y\\ \\x - y\\ 2 \\ x - y || || x - y || n 

4>(y, v)ds{v)da(x) 

= {I-P k )f [ —^^^u^y-Z^i {X - V)U{X ~ V) , v)<Ky, v)ds{v)da{x). 
JdB(y,r)Js^^nCkr nl \\x-y\\ \\x - y\\ \\x-y\\ 2 

Applying Lemma 5 in [DLRV] , the integral becomes 

(I - P k ) uZ k _ 1 (u,v)(f)(y,v)ds(v) = (I - P k )ucj)(y,u) = u(J)(y,u). ■ 

5 The Qk operators on the sphere 



In this section, we will extend the results for the Q k operators in M. n from the previous 
sections to the sphere. 



Consider the Cayley transformation C : R n — > § n , where S n is the unit sphere in R n+1 , 
defined by C(x) = (e n+ ix + l)(x + e n+ i)~ 1 , where x = xiex + - ■ - + x n e n G R n , and e n+ i is a 
unit vector in R n+1 which is orthogonal to R n . Now C(R n ) = § n \{e n+ i}. Suppose x s G § n 
andx s = £ sl eiH hx Sn e n +x Sn+1 e n+ i, then we have C~ x (x s ) = (-e n+ ix s +l)(x s -e n+ i) _1 . 

The Dirac operator over the n-sphere S n has the form D s = w(T + |), where if G §" 
andT= V titAwi- Wj—). See [CMl iLRl IRTT [R2l IVa3l . 

Z - J OW-j OWi 

t<J,t=l J 

Let U be a domain in IR n . Consider a function /* : C/ x M n — > Cl n+ \ such that for each 
x E U, f±(x,u) is a left monogenic polynomial homogeneous of degree k — 1 in u. This 
function reduces to f(x s ,u) on C(U) x M n and f(x s ,u) takes its values in Cl n+ i, where 
C(C/) C § n and f(x s ,u) is a left monogenic polynomial homogeneous of degree k — 1 in 

The left n-spherical remaining operator on the sphere is defined to be 

Qt =: (I-P k )D s>Xs , 

where D S Xg is the Dirac operator on the sphere with respect to x s . 
Hence the left n-spherical remaining equation is defined to be 

Q%uf(x s ,u) = 0. 

On the other hand, the right n-spherical remaining operator is defined to be 

Qk,r '■= D s ,x s (I - Pk,r)- 

The right n-spherical remaining equation is defined to be g(x s , v)vQf r = 0, where g(x s , v) G 
M k -i- 

5.1 The intertwining operators for Qf and operators and the 
conformal invariance of Q^uf(x s ,u) = 

First let us recall that if f(u) G Aik-i then it trivially extends to F(v) = f (u + u n+ ie n+ i) 
with u n+ i G R and F(v) = f(u) for all u n+ i G R. Consequently D n+ iF{v) = where 

n+l q 

j=i j 

If f(u) G .Mfc-i then for any boundary of a piecewise smooth bounded domain [/CK™ 
by Cauchy's Theorem 



n(u)f(u)da(u) = 0. (3) 

dU 

Suppose now a G Pin(n + 1) and u = awd then although u G R n in general w belongs 
to the hyperplane a _1 R n a _1 in R n+1 . 

By applying a change of variable, up to a sign the integral (j3J) becomes 

an(w)aF(awa)da(w) = 0. (4) 

a-tdUa- 1 



As dU is arbitrary then on applying Stokes' Theorem to (j4]) we see that 
D a aF(awa) = 0, where D a := D n+1 \ , 



\a~ ± K"a- 



See [LRVj . 

From now on all functions on spheres take their values in Cl n+ \. 

Now let f(x s , u) : U s x~R n — >■ C7 n+ i be a monogenic polynomial homogeneous of degree 
A; in it for each x s G C/ s , where t/ s is a domain in S n . 

It is known from section 3 that I — P k is conformally invariant under a general Mobius 
transformation over M n . This trivially extends to Mobius transformations on M n+1 . It 
follows that if we restrict x s to S n , then I — Pk is also conformally invariant under the 
Cayley transformation C and its inverse C _1 , with x G M n . 

We can use the intertwining formulas for D x and D S Xa given in [LRJ to establish the 
intertwining formulas for Q k and Qf ■ 

Theorem 7. 

(x s - e n+1 )w(x s - e n+ i) 



-J_i(C^ 1 ,x s )Q fcjU M/(a;,M) = Qf ^u; -/(C" 1 , x a )f(C-\x e \ 



\x s - e n+ i|| 2 



where Qk, u ore t/ie remaining operators with respect to u G M n , ore t/ie remaining op- 
erators on the sphere with respect to w G § n , u = — n+1 ^ — - s n+1 ^ J(C _1 ,x s ) = 

1 1 X s Cn+l 1 1 

" n J is the conformal weight for the inverse of the Cayley transformation and 



&n+l\\ 



J_i(C \x s ) 



X u 



\\%s 1| 

Proof: In [LR] it is shown that D a = J-^C -1 , z*) -1 .^,*. 

Set m = n — — — rrr- tor some w G K . Consequently, 

|| J(C-\x s ) || 2 

Qk, u uf(x, u) = (I - P k>u )D x uf(x, u) 

= (I-fy v )J- 1 (C-\x,)- 1 D 8 0j(C-\x a )uf(C-\x a ),u) 

J(C-\x s )wJ(C-\x s ) 



= J^(C-\x s )-\I - P kiW )D SjXa J(C-\x 
f(C-\x s ), 



\\J{C-\x s )f 

J(C-\x s )wJ(C-\x s ). 



\\AC-\x s )\\ 2 ' 

J(C~ 1 1 x s )wJ{C~ 1 ,x s ) (x a - e n+ i)w(x s - e n+ i) . 

Since n — — — : r-^ = n — , the previous equation becomes 

\\J(C 1 ,x s )\\ 2 \\x s - e n+ i|| 2 

Q k , u uf(x,u) = -J- l {C-\x s )^Ql w wJ{C-\x & )f{C-\x s ), {Xs ~^ +l)w{X '~^ +1 \ ' 

\\{x 8 - e n+ i)|| 2 

Similarly, we have the following result for the remaining operators under the Cayley 
transformation. 



Theorem 8. 

-J^(C,x)Ql u ug(x s ,u) = Q k , w wJ(C, x)g(C(x), {X + '" + * Mx ^ n+l) ), 

(x + e n+1 )w(x + e n+ i) . , x + e n+ i x + e n+1 

whereu= — ■ — , J{C,x) = - — ■ r- and J-i{C,x) = - — ■ ^— ^ 

\\x + e n+ i\\ 2 \\x + e n+1 \\ n \\x + e n+ i\\ n+2 

is the conformal weight for the Cayley transformation. 

As a consequence of two previous theorems we have the conformal invariance of equa- 
tion Qfuf(x s ,u) = 0: 

Theorem 9. Qk,u u f{ x , u ) — if and only if 

Ql w wJ(C-\x s )f(C-\x s ), {Xs ~llfZt^ en+l) ) = ° 



and Q% u ug(x s , u) — if and only if 



n nn \ mi \ (x + e n+1 )w(x + e n+1 ) 
Q k , w wJ (C, x)g(C(x), ^ ) = 0. 



5.2 A kernel for the Q? operator 



'k 

Now consider the kernel in R n 



1 x-y (x-y)w(x-y) 
w » r^-n n To ' v ) v 



u n c k \\x-y\\ n \\x-y\\ 2 
-1 J(C-\x s )- l uJ(C-\x s )- 1 
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JiC-^Xs^uJiC-^Xs)- 1 

where w = \\J(c-\x s )-t • 

Multiplying by J(C 1 , x s ) and applying the Cayley transformation to the above kernel, 
we obtain the kernel 

Hk(x - y,u,v) := — —u Xs _ Vt * J{C~ X ,y s )~ l Z k ^(aua,v)v, (5) 

^nQs \\%s UsW 

, ( v J(C-\x s )-\x s -y s )J(C-\y s )- 1 

where a = a(x s , y s ) - 



\\J(C-\x s )-m\x s -y s \\\\J(C-\y s )-m- 
This is a fundamental solution to Q%uf(x s , «) = on for x s ,y s e E> n . 
Similarly, we obtain that 



1 -uZ k -i{u,ava)J{C 1 ,y s ) 1 — — — ^— v (6) 



^nC-k W-^s ys 



is a non trivial solution to g(x s , v)vQ kr = 0. 

We can see that the representations (j3j) and are the same up to a reflection by 

1 -uZ k _ 1 (u,ava)J(C~ 1 ,y s )~ i 



-uaZ k (aua,v)aJ(C 1 ,y s ) 1 



~ 1 riri-\ \-i x s~ys J{C ,x s ) 1 _ J(C 1 ,a; s ) 1 



co n c k v Hx.-y.lhllJ^x.)- 1 !! ftV ' '\\J{C-\x s )-^\\ 

- u \\j ic ^ x ,r^¥^¥ J(C ^ Zk{aua ' v) \\j(c-\ x ^\\ v - 

5.3 Some basic integral formulas for the remaining operators on 
spheres 

In this section we will study some basic integral formulas related to the remaining oper- 
ators on the sphere. 

Theorem 10. (Stokes' Theorem for the n-spherical Dirac operator D s ) IXi?]/ 

Suppose U s is a domain on S n and f,g:U s x~R n ^- Cl n+ \ are C l , then for a subdomain 
V s of U s , we have 

g(x s , u)n(x s )f(x s , u)dT,(x s ) 
(g(x s , u)D s>Xs )f(x s , u) + g(x s , u)(D SjX J(x s , u))dS(x s ), 

v s 

where dS(x s ) is the n-dimensional area measure on V s , dE(x s ) is the n — 1-dimensional 
scalar Lebesgue measure on dV s and n(x s ) is the unit outward normal vector to dV s at x s . 

Applying the similar arguments to prove the Stokes' Theorem for Q k operators in 
section 4, we can obtain 

Theorem 11. (Stokes' Theorem for the Q k operator ) 

Let U s ,V s ,dV s be as in the previous Theorem. Then for f,g e C 1 (f/ S x M n , M. k ), we 
have version 1 

[(g(x s , u)Q s k r , f(x s , u)) u + (g(x s , u),Q s k f(x s , u)) u ]dS(x s ) 
{g{x s , u),(I- P k )n{x s )f(x s , u)) u dE(x) 
{g{x s , u)n(x s ){I - P k , r ),f(x s , u)) u dE(x). 

dV s 



Vs 



Then for f,g G x M. n ,Aik-i), we have version 2 

[(g(x s , u)uQ s k uf(x s , u)) u + (g(x s , u)u, Q%uf(x s , u)) u ]dS(x s 



dV s 



(g(x 8 , u)u, (I - P k )n(x s )uf(x s , u)) u dE(x) 



(g(x s , u)un(x s )(I - P k , r ),uf(x s , u)) u dE(x). 

dV s 

Remark 2. Using the similar arguments to show the conformal invariance of Stokes' 
Theorem for the Rarita-Schwinger operators in ILRVf . we obtain that Stokes' Theorem 
for the Q k operators is conformally invariant under the Cayley transformation and the 
inverse of the Cayley transformation. 

Remark 3. We also have the following fact 

(g(x s ,u)u,(I-Pk)n(x s )uf(x s ,u)) u dT,(x)= / (g(x s , u)u, n(x s )uf(x s , u)) u dE(x) (7) 

dV s JdVs 

Theorem 12. (Borel-Pompeiu Theorem) Suppose U s , V s anddV s are stated as in Theorem 
10 and y s G V s . Then for f G C x {U a x M n , M k -i) we have 

u'f(y s ,u') = J(C~ l ,y s ) / (Hjj(x B - y s ,u,v), (I - P k )n(x s )vf(x s , v )) v dE(x s ) 

JdVs 

-J{C- l ,y s ) / (H k 3 (x s -y s ,u,v),Q%vf(x s ,v)) v dS(x s ) 



JVs 

where u' = — — — ^ s , dS(x s ) is the n-dimensional area measure onV s C E> n , 

\\y s - e n+1 \\ 2 

n(x s ) and dE(x s ) as in Theorem 10. 

Proof: In the proof we use the representation 

H^(x - y,u,v) = — — uZ k -i(u,dva)J(C~ 1 ,y s y 1 %s - VS u n v. 

Cfc 1 1 x s y s 1 1 

Let B s (y s , e) be the ball centered at y s G E> n with radius e. We denote C^ 1 (B s (y s , e)) 
by B(y,r), and C^ 1 (dB s (y s , e)) by dB(y,r), where y = C~ l {y s ) G W 1 and r is the radius 
of B(y, r) in W 1 . Using the similar arguments in the proof of Theorem 2, we only deal 
with 

/ {H^(x s - y s ,u,v), (I - P k )n(x s )vf(y s ,v)) v dE(x s ) 

JdB s (y s ,e) 



dB s (y s ,e) 



H k (x s - y s ,u,v)(I - P k )n(x s )vf(y s ,v)ds(v)dE(x s 



n-l 



Now applying ([7]), the integral is equal to 

H k (x s - y s ,u,v)n(x s )vf(y s ,v)ds(v)dE(x s 



dB a (y a ,e) JS" 



1 -M2 , fc _i(M,am)J(C 1 ,y s ) — V \-vn{x s )vf{y s ,v)ds(v)dH{x s 



'dB a (y a ,e) JS"- 1 U n Ck \\X S ~ y s 

Applying the inverse of the Cayley transformation to the previous integral, we have 

1 7 i {x-y)w(x-y) x ,- llfn s_i x-y w 
—uZk^u, n r- )J(C ,y s ) J{C,y) r-J(C,x) 



I J.V ; II 119 / \ > as) " \^ t a J ii i 

aBb.r) is»-i w„c fc \\x -y\\ 2 \\x-y\\ 

vJ(C, x)n(x)J(C, x)vf(C(y), ^^^. )d 8 {v)da{x) 1 

\\J\C,y)\\ 2 

J(C,y)wJ(C,y) 

where v = \\J(c,vW • 

Now if we replace „ with in the previous integral and we also set 

J(C, x) = (J(C, x) — J(C, y)) + J(C, y), but J(C, x) — J(C, y) tends to zero as x approaches 
y. Thus the previous integral can be replaced by 

1 (a: - y)w(z - y) x-y x 

/ 1 CJ ~ uZ k-l{U, II ||2 ) || T _ 7y ||n J (^ V) 

dB(y,r) JS"-- 1 ^nCk \\ X ~ VW \\ X VW 

J(C,y)wJ(C,y) y)n(x)J(c .j) J ( C >y) wJ ( C >yh (ch) J{C,y)wJ ^°' y) )d,(^(x) 
\\J(C,yW J ( C >V> n W J ( C >V) \\J(C,yW t{ {V) * \\J{C,y)\\ 2 )ds[w)da{x} 

-1 (x-y)w(x-j/). x-y 
-uZ k -.i(u, n r-5 )- —wn(x) 



dB(y,r)Js"-i UnCk * \\ X ~ VV \\ X ~ VW' 

wJ{C,y)f{C{y), — I, , , ||2 — )ds(w)da(x) 
\\J{C,y)\\ 2 

1 1 _ . (x — y)w(x — y). x — y x — y 



JdB(y,r) JS"- 1 ^nC-k r 



dB( y ,r) 7s»-i u n c k r n 1 ' \\x - y\\ 2 ||x - y\\ \\x - y\\ 

wJ{C, y)f{C(y), J{C plc^ ? V) )ds(w)do(x). 

Using Lemma 5 in |DLRV] . the previous integral becomes 

7 i \ iin \t(n( \ J(C,y)wJ{C,y) 
uZ k -i{u, w)wwJ (C, y)f{C{y), — — )ds{w) 

uZ k ^(u, w)J(C, y)f(C(y), ^l^l^ ^M 

\\J{C,y)\\ 2 

--my)f{C{y) /-^^ ). (8) 



Tf , , _ J{C,y)uJ{C,y) _ J{C \y s ) l uJ(C \y s ) 1 _ (y a - e n+l )u(y s - e n+l ) 

6 \\J(C,yW " \\J(C-\y s )-^ ~ \\y s -e n+1 r ' 

then 

uJ(C,y) = uJ(C~\y s )- 1 = J{C-\y s )\\J(C-\y s )- 1 \\ 2 u' . Now if we multiply the both 

sides of equation (jSJ) by 1 1 ^ 1112 = — y s ), then we obtain 

\\d{C >2/«) II 

^(C- 1 , y.) / uZ k ^(u, w)J(C, y)f(C(y), J{C ^ J ^ v) )ds{w) 
J^-i \\J(C,y)\\ 2 

= u'f(C(y),u')=u'f(y s ,u'). ■ 
Corollary 1. Let ip be a function in C°°(V a , Ai k -i) an d supp f C V s . Then 

u'tp(y s , u') = -J(C~\;i/ s ) / (Hl(x s -y a ,u,v),Q%vif>(x a ,v)) v dS(x a ), 

'Vs 



, , (y s - e n+1 )u{y s - e n+1 ) 
where u = - 



\\ys ~ e n+l II 2 

Corollary 2. (Cauchy Integral Formula for operators) 
If Qfvf(x s ,v) = 0, then for y s e V s we have 

u'f{y s ,u') = J(C _1 ,y s .) / (H k (x s - y s ,u,v), (I- P k )n(x s )vf(x s ,v)) v dE(x s ) 

JdVs 

= J(C~ l ,y s ) I (H k (x s - y s ,u,v)n(x s )(I - P ktr ),vf(x s ,v)) v dE(x s ), 
JaVs 

, , {Vs- e n+1 )u(y s - e n+ i) 
where u = r ^ . 

WVs ~~ e n+l|| 

Remark 4. By factoring out § ra by the group Z 2 = {±1} we obtain real projective space, 
~RP n . Using the similar arguments to obtain the results for Rarita-Schwinger operators on 
real projective space in ILRVf , we can easily extends the similar results for Q k operators 
to real projective space. 
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